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Let n be a positive integer, and let J,, be the n x n matrix all of whose entries are equal to 1.

(a) Show that there exists a matrix X € M, (Z) such that X? + X = J, if and only if n = m? + m for
some m € Z.

Solution. Suppose that n = m? + m for some m € Z. Since m?> + m = (—-m — 1)? + (—=m — 1), we can
assume, without loss of generality, that m > 0. Let X be the adjacency matrix of the Kautz graph on m
symbols of dimension 2. Then X2 4+ X = J,,, as required.

Conversely, suppose that X2 + X = J,, for some matrix X € M,,(Z). Let Y be the Jordan normal form
of X. Then we can write X = PY P~! for some matrix P. It follows that Y2 +Y = P~1J,P. Since the
Jordan normal form is unique, and J,, is diagonalisable, we find that ¥ must be a diagonal matrix. Thus,
X is diagonalisable. Now it is straightforward to show that the all-ones vector 1 is an eigenvector for X.
Whence,

X1+ X1=J,1
m?1 +ml =nl
for some integer m, as required.

(b) When n is of the form m? +m, find the number of n x n zero-one matrices X which solve X2+ X = J,.

Solution. First, observe that the diagonal of X must be 0. It suffices to show that the Kautz graphs of
dimension 2 are (up to isomorphism) unique with respect to being graphs whose adjacency matrix X satisfies
X?+ X = J,. This was shown by Gimbert in 1999 [1, Section 8]. Let I' = Kautz(m) with adjacency matrix
X. Then the automorphism group Aut(I") is Sym(m + 1) (see [2]). Hence the number of n x n zero-one
matrices X which solve X2 + X = J,, is (m? +m)!/(m + 1)L

References

[1] J. Gimbert, On digraphs with unique walks of closed lengths between vertices, Australasian J. Combin.
20 (1999) pp. 77-90.

[2] L. Villar, The underlying graph of a line digraph, Discrete Applied Math. 37/38 (1992) 525-538.

*School of Physical and Mathematical Sciences, Nanyang Technological University, 21 Nanyang Link, Singapore 637371,
gary@ntu.edu.sg.

fDepartment of Mathematics: Analysis, Logic and Discrete Mathematics, Ghent University, Belgium,
Ferdinand.Thringer@ugent.be.

IDepartment of Mathematics, U.S. Naval Academy, Annapolis, MD, kenter@usna.edu.

$School of Mathematical Sciences, Rochester Institute of Technology, Rochester, NY, brsma@rit.edu.



