
Noname manuscript No.
(will be inserted by the editor)

On the Maximum Size of Erdős-Ko-Rado Sets in
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Abstract Erdős-Ko-Rado sets in finite classical polar spaces are sets of gener-
ators that intersect pairwise non-trivially. We improve the known upper bound
for Erdős-Ko-Rado sets in H(2d + 1, q2) for d > 2 and d even from approxi-

mately qd
2+d to qd

2+1.
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1 Introduction

An Erdős-Ko-Rado set (EKR set) of generators in a finite classical polar space
is a set of generators with pairwise non-empty intersection. For all finite clas-
sical polar spaces except H(2d + 1, q2), with q a prime power, d > 2 even,
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the largest EKR sets were classified in [5]. For H(2d + 1, q2), d > 3 even,
the largest known EKR set consists of all generators on a point and has size∏d

i=0(q2i+1 + 1) ≈ qd
2

. On the other hand, the best known upper bound on

EKR sets Y in H(2d+1, q2), d ≥ 3 even, is approximately |Y | ≤ qd2+d (see e.g.
[6]). The present paper improves this bound. Our main result is the following.

Theorem 1 Let Y be an Erdős-Ko-Rado set of generators in H(2d + 1, q2),
d ≥ 2 even. Then

|Y | ≤ nqd − f0(qd − 1) (1− c)
q2d+1 + qd + f0(qd − 1)c

≈ qd
2+1

where n =
∏d

i=0(q2i+1 + 1), f0 = q2
[
d+ 1

1

]
q2d−1+1

q+1 and c = q2−q−1+q−2d+1

q2(d+1)−1
.

2 Association Scheme of H(2d + 1, q2)

We need some basic properties of the association scheme of H(2d+1, q2), with
q a prime power, d even and d > 0. A complete introduction to association
schemes is e.g. given in [1, Ch. 2]. Note that contrary to [1, Ch. 2] indices in
the present paper start with −1 and not with 0.

Definition 1 An association scheme with d+1 classes is a pair (X,R), where
X is a finite set and R = (R−1, R0, . . . , Rd) is a set of symmetric binary
relations on X with the following properties:

1. {R−1, R0, . . . , Rd} is a partition of X ×X.
2. R−1 is the identity relation.
3. There are integers pkij such that for x, y ∈ X with xRky there are exactly

pkij elements z with xRiz and zRjy.

The number ni := p−1
ii is called the i-valency of Ri. The total number of

elements of X is

n := |X| =
d∑

i=−1

ni.

The relations Ri are described by their {0, 1}-adjacency matrices Ai ∈ Cn,n

defined by

(Ai)xy =

{
1 if xRiy

0 otherwise.
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There exist (see e.g. [1, p. 45]) positive semi-definite symmetric matrices Ej ∈
Cn,n with the properties

d∑
j=−1

Ej = I, (1)

E−1 = n−1J, (2)

Aj =

d∑
i=−1

PijEi (3)

and

Ej =
1

n

d∑
i=−1

QijAi (4)

where P = (Pij) ∈ Cd+2,d+2 and Q = (Qij) ∈ Cd+2,d+2 are the eigenmatri-
ces of the association scheme. Let fj denote the rank of Ej . Let ∆n denote
the diagonal matrix diag(n−1, . . . , nd) and let ∆f denote the diagonal matrix
diag(f−1, . . . , fd). Then according to [1, p. 46, eq. 3]

Q = ∆−1
n P t∆f . (5)

For integers d, s ≥ 0 define[
d
s

]
:=

s∏
j=1

q2(d+1−j) − 1

q2(s+1−j) − 1
.

Eisfeld calculated the matrix P in [2, Theorem 3.8] for classical polar spaces.
For the association scheme of generators of H(2d + 1, q2) his formula for all
Pij simplifies for i = 0 to

P0,s :=

[
d

s+ 1

]
q(s+1)2 −

[
d
s

]
qs

2

.

The multiplicities fj are given in [1, Theorem 9.4.3]. In particular

f0 = q2
[
d+ 1

1

]
1 + q2d−2+1

1 + q2d+1−1
· 1 + q2d+1−1

1 + q
= q2

[
d+ 1

1

]
q2d−1 + 1

q + 1
.

We are interested in the association scheme of generators of H(2d+ 1, q2).
In this case X is the set of generators of H(2d+ 1, q2) with

n =

d∏
i=0

(q2i+1 + 1)

and the definition of the relation Ri, −1 ≤ i ≤ d, is aRib if and only if
dim(a ∩ b) = d− i− 1 for all a, b ∈ X.
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For this association scheme ns is the number of generators of H(2d+ 1, q2)
that meet a given generator in a (d−s−1)-dimensional subspace. A generator

G of H(2d+1, q2) contains

[
d+ 1
d− s

]
subspaces of dimension d−s−1 . According

to [3, Lemma 10] the number of generators in H(2s + 1, q2) skew to a given

generator is q(s+1)2 . Hence we have

[
d+ 1
d− s

]
possibilities to choose an (d−s−1)-

dimensional subspace of G and q(s+1)2 generators that meet G exactly in this
(d− s− 1)-dimensional subspace. This yields

ns = q(s+1)2
[
d+ 1
d− s

]
= q(s+1)2

[
d+ 1
s+ 1

]
.

Together with (5) we obtain

Qs,0 = n−1
s P0,sf0 (6)

=

f0

([
d

s+ 1

]
q(s+1)2 −

[
d
s

]
qs

2

)
q(s+1)2

[
d+ 1
s+ 1

] (7)

= f0
q2(d−s) − q − 1 + q−2s−1

q2(d+1) − 1
. (8)

In the following calculations we will make use of

Q−1,0 = f0, (9)

Qd−1,0 = f0
q2 − q − 1 + q−2d+1

q2(d+1) − 1
, (10)

and for d− 1 > s > −1

(q2(d+1) − 1)
Qs,0 −Qd−1,0

f0
= q2(d−s) − q−2d+1 + q−2s−1 − q2 (11)

≥ q4 − q−1 − q2 > 0.

Let Y be a subset of X and χ the characteristic vector of Y . Put y := |Y |.
The inner distribution vector a = (a−1, a0, . . . , ad) of Y is defined by

ai =
1

y
χtAiχ.

Of course a−1 = 1 and
∑d

i=−1 ai = y. Furthermore (4) implies that

(yaQ)j = nχtEjχ. (12)

The matrices Ej are positive semidefinite, therefore

χtEjχ ≥ 0
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for all j ∈ {−1, 0, . . . , d}. According to e.g. [5, p. 1295]

Pi,d = (−1)i+1q2i
2+(1−2d)i+d2

and, if d is even, Pd,d is the smallest value of all Pi,d. Together with the
formulas (1), (2), and (3) these inequalities imply for d ≥ 2 even

0 ≤ nχt

(
d∑

i=1

(Pi,d − Pd,d)Ei

)
χ

= nχt (Ad − P−1,dE−1 − P0,dE0)χ− nPd,dχ
t (I − E−1 − E0)χ

= nχtAdχ− nPd,dχ
tχ− (P−1,d − Pd,d)χtJχ− n(P0,d − Pd,d)χtE0χ

= nχtAdχ− nPd,dy − (P−1,d − Pd,d)y2 − y(P0,d − Pd,d)(aQ)0.

Let Y be an EKR set. By definition χtAdχ = 0. Hence the previous inequality
can be rewritten as

(P−1,d − Pd,d)y + (P0,d − Pd,d)(aQ)0 ≤ −nPd,d.

As Y is an EKR-set, then ad = 0 and hence

a−1 = 1, and

ad−1 = y − 1−
d−2∑
i=0

ai.

By (11) Qi,0 −Qd−1,0 > 0, hence

(aQ)0 =

d−1∑
i=−1

Qi,0ai

= Q−1,0 +Qd−1,0ad−1 +

d−2∑
i=0

Qi,0ai

= Q−1,0 +Qd−1,0

(
y − 1−

d−2∑
i=0

ai

)
+

d−2∑
i=0

Qi,0ai

= Q−1,0 −Qd−1,0 +Qd−1,0y +

d−2∑
i=0

(Qi,0 −Qd−1,0)ai

≥ Q−1,0 −Qd−1,0 +Qd−1,0y.

Thus we obtain the inequality

(P−1,d − Pd,d)y + (P0,d − Pd,d)(Qd−1,0y + (Q−1,0 −Qd−1,0)) ≤ −nPd,d.
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This can be rewritten as

y ≤ −nPd,d − (P0,d − Pd,d)(Q−1,0 −Qd−1,0)

P−1,d − Pd,d + (P0,d − Pd,d)Qd−1,0

=
nqd − f0(qd − 1)

(
1− q2−q−1+q−2d+1

q2(d+1)−1

)
q2d+1 + qd + f0(qd − 1) q2−q−1+q−2d+1

q2(d+1)−1

.

As n ≈ q(d+1)2 and f0 ≈ q4d, the largest term in the nominator is nqd ≈
qd

2+3d+1, and the largest term in the denominator is q3d. Hence the bound on
y is y / qd

2+1, as stated in the theorem.

3 On the Limits of this Algebraic Method

The general idea is to take the inner distribution vector a and the d+ 1 linear
inequalities

(aQ)j ≥ 0

and solve the corresponding linear optimization problem. For a given d we can
apply a standard algorithm (e.g. some variant of the simplex algorithm, see
[4]) and obtain the optimal solution. The matrix Q is given in [2], so it is easy
to calculate an optimal solution for arbitrary d. For d = 2 this yields

y ≤ q5 + q4 + q3 + 1.

The present paper shows the same inequality. In [5] it is proven that the sharp
upper bound is

y ≤ q5 + q3 + q + 1.

For d = 4 linear optimization yields

y ≤ q17 + 2q16 + 2q15 + q14 + q10 + 2q9 + 3q8 + 2q7 + q + 1.

The present paper shows

y ≤ q17 + 3q16 + 4q15 + 5q14 + 7q13 + 9q12 + 11q11 + 12q10

+ 12q9 + 9q8 + 3q7 − 7q6 − 19q5 − 35q4 − 55q3 − 77q2 − 97q − 111.

The largest known examples for EKR sets of generators in H(9, q2) are the set
of all generators through a point and the set of generators that meet a given
generator in at least a plane, this selected generator included. Both examples
have a size of approximately q16.

Hence it seems reasonable to assume that this algebraic approach is not
able to give the correct upper bound.

As a conclusion it does not seem worth to prove the best possible result
with linear programming for general d for the following reasons.
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1. The given proof is much easier than a proof of the linear programming
bound.

2. The given bound is nearly as good as the expected bound through linear
programming.

3. The best possible bound through linear programming is most likely wrong
about the factor q for d > 2.
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